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* I  b 
1 ,  

SECT ION 1' - INTRODUCTION: 

This document describes the  mathematical formulat ion o f  the  Phase I and Phase I I  

models o f  the cloud chambers included i n  the Atmospheric Cloud Physics Laboratory 

(ACPL). We s h a l l  assume t h a t  t he  user i s  reasonably f a m i l i a r  w i t h  the ACPL 

f a c i l i t y ,  and w i t h  the  opera t ing  p r i n c i p l e s  and func t ions  o f  the cloud chambers 

included there in .  The Phase I models of  these cloud chambers are s i m p l i f i e d  

models which assume idea l  chamber geometries and opera t ing  condit ions. The goal 

o f  t he  Phase I s imu la t ion  program has been t o  prov ide  models which permit  the  

P r inc ipa l  Inves t iga tors  for  the  f i r s t  ACPL f l i g h t  t o  study the  essen t ia l  phys ica l  

features o f  t h e i r  proposed experiments. I n  the Phase I I  s imu la t ion  i s  the 

mod i f i ca t ion  o f  the SDL and CFD models t o  a l low aerosol p a r t i c l e s  and cloud 

d rop le ts  t o  move across the  chambers i n  response t o  p h o r e t i c  focus created by 

gradients i n  gas temperature and composition. D e t a i l s  o f  hardware design or 

n any rea l  experiment:al the  departures from idea l  cond i t ions  which w 

system are not included i n  Phase I o r  Phase 

I n  Section 2, we summarize b r i e f l y  the types 

1 1  be present 

I .  

o f  experiments 

the  ACPL cloud chambers. Section 3 describes the  d i f f e r e n t  

t o  be performed w i t h  

types o f  models 

requi red by these experiments. A q u a l i t a t i v e  summary o f  the  phys ica l  processes 

invo lved i n  these models i s  g iven  i n  Section 4. 
general formulat ion o f  the  phys ica l  problem which can be adapted t o  each of the 

Phase I models. Sections 6, 7, and 8 describe the  ac tua l  fo rmula t ion  used f o r  

the ad iabat ic  expansion chamber, the non-adiabatic expansion chamber, respec t ive ly .  

We do no t  go i n t o  the numerical methods used i n  any d e t a i l .  They w i l l  be 

mentioned from time-to-time, however, because there  a re  several po in ts  a t  which 

the  mathematical formulat ion was chosen f o r  computational reasons. Section 9 

I n  Sect ion 5, we de r i ve  a 

begins the  desc r ip t i on  o f  the  Phase I1 models and describes the  SDL and CFD 

models w i t h  pho re t i c  and g r a v i t a t i o n a l  motion o f  aerosols and drop le ts .  

Supersedes page 1-1, o r i g i n a l  issue 
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. f  . . 
SECTION g - SDL AND CFID MODELKWTH’ PHORET I c AND 

GRAVITATIONAL MOTION OF AEROSOLS AND DROPLETS 

The preceding sect ions have described the fo rmula t ion  o f  the  Phase I ACPL Cloud 

Chamber Models. The present sec t ion  begins the  desc r ip t i on  o f  the  Phase I1 

models. The f i r s t  two tasks i n  the  Phase I1 s imu la t ion  program were the mod i f i ca t ion  

o f  the SDL and CFD models t o  a l low aerosol p a r t i c l e s  and cloud drop le ts  t o  move 

across the chambers i n  response t o  phore t ic  forces created by gradients  i n  gas 

temperature and composition and, op t i ona l l y ,  i n  response t o  g r a v i t a t i o n a l  forces. 

These models were developed i n  response t o  the needs o f  the planned experiments 

on SDL-CFD comparisons i n  both zero-g and one-g environments, and on phore t ic  

motion o f  aerosols i n  the CFD. 

The bas ic  model equations developed i n  Sect ion 5 i nc lude an equat ion fo r  the 

movement o f  p a r t i c l e s  w i t h  the  gas i n  the  ACPL chambers (eq. 5-2-9). However, as 

s ta ted  i n  Section 7, e a r l y  attempts t o  f o l l o w  motions o f  c loud drop le ts  i n  the 

Phase I models gave phys i ca l l y  u n r e a l i s t i c  r e s u l t s ,  so they were deferred a t  t ha t  

time. The problem was b a s i c a l l y  t ha t  the numerical method used gave r i s e  t o  

non-physical a r t i f a c t s  i n  the  resul ts .  I t  has turned ou t  t h a t  extensive changes 

i n  the computer programs were requi red t o  avoid such a r t i f a c t s .  

Section 9.1 below presents the  equations used t o  compute aerosol /droplet  

ve loc i t i es .  Section 9.2 describes the computational techniques employed to  

fo l l ow  the  p a r t i c l e  motion. F ina l l y ,  Sect ion 9.3 describes some other  features 

o f  these new models which d i f f e r  from the Phase I models. 

9.1 EQUATIONS OF PARTICLE/DROPLET MOTION 

9.1.1 Mechanisms o f  P a r t i c l e  Motions 

Four d i f f e r e n t  causes o f  p a r t i c l e  motion are  inc luded i n  these models: motions 

due t o  the f a c t  t h a t  the gas i t s e l f  i s  moving; motions due t o  temperature gradients 

(thermophoresis); motions due t o  concentrat ion grad ien ts  i n  the  gas (d i f fus io -  

phoresis); and motions due g r a v i t y  forces. 

on ly  w i t h  the component o f  p a r t i c l e  v e l o c i t y  i n  the  Z -d i rec t i on  ( the coordinate 

normal t o  the chamber p la tes  i n  both the SDL and CFD models) which we denotew 
P 

Motions p a r a l l e l  t o  the chamber p la tes  (e.g., the  u-component o f  the v e l o c i t y  

i n  the CFD due t o  the gas f low through the chamber) are already included i n  the 

- 

In  t h i s  discussion, we are concerned 

Replaces page 9-1, o r i g i n a l  issue 
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models and need no fu r the r  discussion here. We assume tha t  the p a r t i c l e  v e l o c i t y  

w can be w r i t t e n  as: 
P 

w = w + w  + w  + w  
P T D g  

where w ' i s  the  molar average gas v e l o c i t y  i n  the Z -d i rec t i on  (discussed i n  

Section 4-2), and wT, wD 

d i f fus iophores is ,  and g rav i t y ,  respect ive ly .  Each o f  these components i s  t rea ted  

separately i n  the  fo l lowing.  

and w a re  the  v e l o c i t y  components due t o  thermophoresis, 
9 

9.1.2 Gas Motions 

A net f l u x  o f  gas molecules i n  the Z -d i rec t i on  can a r i s e  from temperature changes, 

d i f f u s i o n  o f  one component o f  the gas w i t h  respect t o  another, and changes i n  the  

t o t a l  amount o f  gas present i n  the  system due t o  condensation o r  evaporation of 

water. This w-component o f  gas v e l o c i t y  i s  already computed e x p l i c i t l y  i n  the 

Phase I CFD model (eq. 8-18), bu t  not i n  the  SDL model. What i s  computed i n  the 

which the 

y determined. 

as the average 

Phase I SDL model i s  the  change i n  volume o f  each g r i d  c e l l ,  from 

es w i t h  t ime i s  easi 

v e l o c i t y  i n  each ce l  

been added here. 

displacement i n  p o s i t i o n  o f  the  c e l l  boundar 

A simple subroutine, which computes the  f l ow  

o f  the  v e l o c i t i e s  a t  i t s  two boundaries, has 

9.1 . 3  Thermophores i s 

We use the thermophoretic velocity equation of Dejaguin and Yalamov, which is 

quoted by Goldsmith and May i n  Davies' book, Aerosol Science (1966). The equat ion 

i s  n 

8 k + k  + ;  
c) P 

!C A k  

T 3 ' 2 k + k  + 2 C i k  

L .  trp k dT 
- 5 7  dZ w I--  

P trp P 

i n  which the  symbols are def ined as fo l lows:  

k = thermal conduc t i v i t y  o f  the gas 

k 
P 

r = p a r t i c l e  radius 
P 

11 = molecular mean f ree  path i n  the  gas 

p = gas pressure 

T = gas temperature 

= thermal conduct iv i t y  o f  the p a r t i c l e  

Replaces page 9-2, o r i g i n a l  issue 
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The c o e f f i c i e n t  C t  i s  def ined by the equat 

C t  = 15(2-a)/8a 

where a i s  the thermal accommodation c o e f f  

on 

c i e n t  o f  the  p a r t i c l e ,  a parameter 

which i s  se t  by the  user as p a r t  o f  the  input  t o  a l l  the  ACPL models. Since most 

o f  the  p a r t i c l e s  o f  i n t e r e s t  i n  the  ACPL experiments a re  d i l u t e  s o l u t i o n  drop le ts ,  

we have used the  thermal conduc t i v i t y  o f  water f o r  k . The m a n  f ree  path o f  an 

a i r  molecule i s  ca lcu la ted  from the  equat ion 
P 

R = O.O225T/p 

where p i s  i n  dynes/cm2 and T i s  i n  degrees K. 

(9-3) 

The Dejaguin-Yalamov equation i s  one o f  a f a i r l y  la rge  number o f  poss ib le  

equations. 

theory o f  thermophoresis, app l i cab le  t o  a l l  s izes and types o f  p a r t i c l e s ,  has 

ye t  t o  be developed. 

thermophoretic v e l o c i t y  o f  p a r t i c l e s  which are l a rge  i n  Comparison w i t h  the 

A search o f  the  l i t e r a t u r e  shows c l e a r l y  t h a t  a un i formly successful 

The main problem ar ises  i n  the  determinat ion o f  the 

molecular mean free path i n  the  gas. 

considerably i n  t h i s  p a r t i c l e  s i z e  region. Unfor tunate ly ,  the  ava i l ab le  

experimental data a lso  show considerable sca t te r .  The Dejaguin-Yalamov 

equat ion appears t o  be as good as any f o r  water d rop le ts ,  judging from the 

resu l t s  presented by Goldsmith and May; hence i t s  use here. 

D i f f e ren t  t h e o r e t i c a l  treatments d iverge 

9.1.4 

To a f i r s t  approximation, the  d i f f u s i o p h o r e t i c  v e l o c i t y  i s  independent o f  p a r t i c l e  

s i ze  and depends on ly  on the  r a t i o o f  molecular weights o f  the d i f f u s i n g  gases. 

The equat ion f o r  the d i f f u s i o p h o r e t i c  v e l o c i t y  used here i s  

Di f fus i ophores i s 

( l - ~  3 )DVXa 

3 3 
w = -  

x (1-E ) + E 
D 

a 

(9-4) 

where E = MV/Ma, the r a t i o  o f  the  molecular weights o f  water and a i r ,  Xa i s  the  

mole f r a c t i o n  of  a i r ,  and D i s  t he  c o e f f i c i e n t  o f  d i f f u s i o n  o f  water vapor i n  a i r .  

New page 
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9.1.5 Grav i ta t iona l  S e t t l i n g  Ve loc i t y  

The models a l low the user t o  t u r n  the g r a v i t a t i o n a l  force on o r  o f f ,  f o r  s imulat ion 

of e i t h e r  one-g o r  zero-g experiments. 

used here i s  

The g r a v i t a t i o n a l  s e t t l i n g  v e l o c i t y  equation 

where p i s  the densi ty  o f  the p a r t i c l e  (taken 

water) ,  g i s  the  g r a v i t a t i o n a l  accelerat ion,  q 

i s  a c o e f f i c i e n t  def ined by the equat ion 

R here as the  densi ty  o f  l i q u i d  

i s  the v i s c o s i t y  o f  a i r ,  and A 

A = 1.008 (Z-a)/a. 

When the  g rav i t y  term i s  included i n  the  models, i t  i s  assumed t h a t  the chambers 

a r e  operated w i t h  the p la tes  ho r i zon ta l  and w i t h  the  top p l a t e  warmer than the 

c o l d  p l a t e  t o  insure s tab le  s t r a t i f i c a t i o n  o f  the  gas i n  the chamber. 

9.2 NUMERICAL TREATMENT OF DROPLET MOTION 

In the  Phase I models, water d rop le ts  were labeled by two parameters: t h e i r  

l oca t i on ,  i.e., the index of  the  g r i d  c e l l  i n  which they were located; and the 

s ize,  o r  more prec ise ly ,  the c r i t i c a l  supersaturat ion,  o f  the aerosol p a r t i c l e s  

on which they were formed. Droplets  formed on a given nucleus s i ze  c lass  were 

assumed t o  be uni formly d i s t r i b u t e d  throughout a given g r i d  c e l l .  

(unsuccessful) attempts t o  follow droplet  motions i n  these models used a t w o -  

s tep  numerical process. I n  the  f i r s t  step, any motion o f  gas across a c e l l  

boundary ca r r i ed  w i t h  i t  a corresponding number o f  droplets .  I n  the second 

step, a new mass-averaged d r o p l e t  rad ius was ca lcu la ted  f o r  each c lass of 

p a r t i c l e s  i n  each c e l l .  That i s ,  the l i q u i d  water content i n  each c e l l  and 

for each nucleus s i ze  c lass  was r e d i s t r i b u t e d  among drop le ts  so t h a t  (a) a l l  

d rop le ts  were assigned the same radius,  and (b) the  t o t a l  number o f  d rop le ts  

and the  t o t a l  mass o f  l i q u i d  water were conserved. 

The f i r s t  

The second o f  these steps, the  size-averaging process, gave r e s u l t s  which o f ten  

made no physical  sense. A b r i e f  d iscuss ion o f  the  reasons why t h i s  approach 

d i d  not work w i l l  he lp  t o  l ay  the  groundwork f o r  the  approach used i n  the  Phase 

I I  models. I n  a d i f f u s i o n  chamber model, the  supersaturat ion var ies  considerably 

9-4 New page 
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from one g r i d  c e l l  t o  another. Thus, nuc le i  o f  a given c r i t i c a l  supersaturat ion 

can be ac t iva ted  i n  one c e l l  and not  i n  an adjacent c e l l .  Once act ivated,  drop 

growth i s  rapid, leading t o  a la rge  d i f f e rence  i n  d rop le t  s i z e  between c e l l s .  

That i s ,  i n  one c e l l ,  d rop le ts  would be growing rap id l y  on a g iven c lass o f  

nuc le i ,  wh i le  i n  the  adjacent c e l l  on ly  small haze drop le ts  would be present. 

The di f ference i n  d rop le t  rad ius i n  such a s i t u a t i o n  can e a s i l y  be a fac to r  o f  

10, corresponding t o  a f a c t o r  o f  1000 i n  d rop le t  mass. Now, i f  we t rans fe r  on ly  

one such large d r o p l e t  across a c e l l  boundary, i t  ca r r i es  w i t h  i t  enough- l iqu id  

water t o  double the  mass o f  1000 haze drop le ts  i n  the  second g r i d  c e l l  when the 

d rop le t  masses are  averaged. I n  many cases, such mass increases were s u f f i c i e n t  

t o  r a i s e  the average d rop le t  s i ze  i n  the  second c e l l  above the  c r i t i c a l  radius, 

so t h a t  a l l  the drop le ts  i n  t h a t  c e l l  would begin t o  grow, even though the 

supersaturat ion i n  t h a t  c e l l  had never reached the c r i t i c a l  supersaturat ion f o r  

t h a t  c lass of nuc le i .  This o f  course i s  phys ica l  nonsense. As a r e s u l t ,  aerosol 

and droplet  motions were omi t ted from the  Phase I models, as s ta ted  i n  Section 7. 

It i s  obvious t h a t  one must avoid the numerical process o f  "mixing" d rop le ts  

w i th  d i f f e r e n t  h i s t o r i e s  and then averaging t h e i r  sizes. One impract ica l  way t o  

do t h i s  i s  t o  keep a separate record o f  each group o f  droplets  t h a t  crosses a 

c e l l  boundary. The problem here i s  t h a t  the number o f  d rop le t  groups increases 

very rap id l y  w i t h  time, and the computer memory and time requi red would soon 

exceed the capaci ty o f  any known computer. 

a record o f  the "center o f  mass" o f  each d rop le t  group, and t o  move the  e n t i r e  

group from one c e l l  to another when i t s  center o f  mass crossed the boundary. 

Numerically, t h i s  i s  equiva lent  t o  a suggestion made t o  the  author by Prof. Wm. Scott  

o f  t he  Un ivers i ty  o f  Nevada a t  Reno, t h a t  each group o f  d rop le ts  be assigned a 

s p e c i f i c  v e r t i c a l  l oca t i on  (i.e., do not  assume t h a t  the drop le ts  a re  un i formly 

d i s t r i b u t e d  w i t h i n  a c e l l ,  bu t  ra the r  t h a t  they are spread ou t  h o r i z o n t a l l y  i n  

a layer  of i n f i n i t e s i m a l  th ickness so t h a t  a l l  the drop le ts  i n  a group w i l l  cross - 
a c e l l  boundary a t  the  same t i m e ) .  

l oca t i on  a t  the  beginning o f  the  s imulated experiment (i.e., by the index o f  

the g r i d  c e l l  i n  which they s ta r ted )  and by t h e i r  nucleus s i z e  c lass.  

add i t i on  t o  the  d rop le t  rad ius and number concentrat ion,  one must now a l s o  

keep a record o f  the  v e r t i c a l  p o s i t i o n  i n  the  chamber ( the  Z-coordinate) and 

the migrat ion v e l o c i t y  o f  each group. A t  the  beginning an an SDL run, o r  a t  

t h e  t i m e  o f  sample i n j e c t i o n  into the  CFD, the drop le t  groups a re  pos i t ioned 

The approach taken here was t o  keep 

The d rop le t  groups are labeled by t h e i r  

In 

New page 9- 5 
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a t  the midpoints o f  t h e i r  respect ive g r i d  c e l l s .  

are removed completely from the  system whenever the center  o f  mass o f  a group 

reaches one o f  the  chamber plates.  

Droplets  o r  haze p a r t i c l e s  

There undoubtedly a r e  o ther  good approaches t o  t h i s  problem. The approach taken 

here has two advantages: i t  i s  conceptual ly s t ra igh t - fo rward ,  and i t  works. 

Especial ly when the  g r a v i t a t i o n a l  fo rce  i s  "turned on", the model shows how 

droplets  o f  d i f f e r e n t  s izes move through the g r i d  a t  d i f f e r e n t  ra tes and 

eventual ly  impact the  chamber p la tes.  Implementation o f  t h i s  approach d i d  

involve a f a i r l y  extensive mod i f i ca t i on  o f  the code from the Phase I models, 

however, because o f  the  need t o  ca r ry  the e x t r a  var iab les  mentioned above f o r  

each droplet  group, and the  need t o  determine the  cu r ren t  p o s i t i o n  o f  each 

group i n  c a l c u l a t i n g  drop le t  growth rates,  migra t ion  v e l o c i t i e s ,  l i q u i d  water 

contents, etc. a t  every t ime step. 

9.3 OTHER FEATURES OF THE MODELS 

The Phase I SDL model used an e x p l i c i t  d i f f e rence  scheme t o  so lve the heat 

conduction and vapor d i f f u s i o n  equations. Use o f  e x p l i c i t  d i f f e rence  methods 

f o r  d i f f e r e n t i a l  equations always l i m i t s  the s i z e  o f  the t ime step tha t  can 

be used, t o  avoid numerical i n s t a b i l i t y .  Sect ion 7 mentioned t h a t  an SDL 

model using an i m p l i c i t ,  uncond i t iona l l y  s tab le  d i f f e rence  scheme had a l so  

been developed. The Phase I I  SDL model i s  based on the  l a t t e r .  The add i t i ona l  

computation t i m e  required fo r  the  d rop le t  motion ca l cu la t i ons  would have 

substant ia 

scheme and 

The Phase 

respect. 

The output 

us ing an expl i c i  t d i  f ference 

no mod i f i ca t ions  i n  t h i s  

from both the SDL and CFD models developed dur ing  Phase I1 has been 

l y  increased the running t i m e  o f  a mode 

a small  t ime step. 

CFD model, on the  o the r  hand, requi red 

subs tan t i a l l y  changed from tha t  furn ished w i th  the Phase I models, espec ia l l y  

w i t h  regard t o  the  presentat ion o f  d rop le t  s i z e  in format ion.  

models s t i  1 1  o f fe r  a tab le  of temperature, supersaturat ion,  and vapor and 

l i q u i d  mixing r a t i o s  vs. p o s i t i o n  i n  the  chambers. They a l s o  o f f e r  the  op t i on  

o f  a much condensed output presentat ion,  g i v i n g  on ly  the  temperature 

The Phase I I  
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and supersaturat ion a t  the median plane o f  the chamber. 

p r i n tou t  o f  the s i ze  of  the drop le ts  formed on each s i z e  c lass  o f  aerosol 

p a r t i c l e s  i n  each g r i d  c e l l  i n  the  model. The reason f o r  t h i s  i s  simply that ,  

once droplet  motions are allowed, i t  i s  poss ib le  f o r  a g iven g r i d  c e l l  t o  

contain droplets  o f  comparable s ize,  but formed upon n u c l e i  o f  d i f f e r e n t  s izes 

which or ig ina ted  i n  d i f f e r e n t  p a r t s  o f  the chamber. 

movements of the  drop le ts  can r e s u l t  i n  a thorough "scrambling" o f  the o r i g i n a l  

nuc le i  d i s t r i b u t i o n  i n  space. The p r i n t o u t  now cons is ts  o f  a - t a b l e  o f  the 

number concentrat ion o f  d rop le ts  i n  d i f f e r e n t  s i z e  ranges as a funct ion of  

pos i t i on  i n  the chamber, w i thout  regard t o  the nuc le i  on which they were 

formed. The d rop le t  s i z e  spectrum uses s i ze  ( rad ius)  i n t e r v a l s  o f  0.2 pm below 

1 pm, 0.5 pm i n t e r v a l s  from 1 t o  5 pm, and 1 pm i n t e r v a l s  from 5 t o  10 pm. 
Again, the user has the o p t i o n  o f  omi t t i ng  t h i s  t a b l e  p r i n t o u t  i f  desired, and 

p r i n t i n g  only the t o t a l  f l u x  o f  ac t i va ted  drop le ts  i n  the case o f  the CFD, o r  

the t o t a l  number o f  ac t i va ted  drops per square cent imeter o f  p l a t e  area i n  the 

case of  the SDL. 

There no longer i s  a 

I n  shor t ,  d i f f e r e n t i a l  

These Phase I I  SDL and CFD models i n  e f fec t  supplant the  corresponding Phase 

I models. 

i n  these cloud chambers and o f f e r  more opt ions t o  the  user. 

Phase I models should consider swi tch ing over t o  these models. 

They g i v e  a more accurate s imu la t ion  o f  the processes tak ing  place 

Anyone using the 
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SECTION 10 - TWO-DIMENSIONAL SDL MODEL 

Previous SDL models used on ly  a s i n g l e  space dimension, the  coordinate normal 

t o  the chamber p l a t e s  (here l abe l l ed  the Z-coordinate). I n  o the r  words, these 

models assumed t h a t  gradients i n  the values o f  a l l  var iab les  i n  the  coordinate 

p a r a l l e l  t o  the  chamber p la tes  were neg l i g ib le .  For s tud ies  o f  d rop le t  formation 

on a un i formly d i s t r i b u t e d  aerosol, i n  regions away from the  edges o f  the  chamber 

plates, t h i s  assumption introduces l i t t l e  e r ro r .  However, experiments have now 

been proposed which depend e s s e n t i a l l y  on the e f f e c t s  o f  gradients i n  the  r a d i a l  

coordinate. These experiments a re  o f  two bas ic  types. I n  the f i r s t  type, a 

s i n g l e  i c e  p a r t i c l e  w i l l  be grown near the center o f  the  chamber. I n  the  second, 

a "thermal probe", whose temperature can be var ied  independently o f  the chamber 

p l a t e  temperatures, w i l l  be inser ted  i n t o  the  center o f  the  chamber. This  

sect ion describes a two-dimensional axisymmetric model o f  an SDL chamber, which 

represents the  f i r s t  step i n  the development o f  a c a p a b i l i t y  t o  s imu la te  such 

experiments . 

The model describes a c y l i n d r i c a l  sec t ion  o f  the  SDL chamber, bounded on i t s  

upper and lower surfaces by the  chamber p la tes ,  and centered on the  ax i s  o f  

symmetry o f  the  chamber. I t  i s  an axisymmetric model; angular v a r i a t i o n s  are 

neglected. The coordinate normal t o  the  chamber p l a t e s  i s  again the  Z-coordinate. 

The primary d i f f e r e n c e  between t h i s  model and previous SDL models i s  the numerical 

approach t o  s o l u t i o n  o f  the  heat conduction and vapor d i f f u s i o n  equations i n  

these coordinates. Droplet  nuc lea t ion  and growth are  t rea ted  exac t l y  as i n  

e a r l i e r  models. The model provides f o r  i n s e r t i o n  o f  a c y l i n d r i c a l  thermal probe 

concentr ic with the a x i s  o f  symmetry. A model o f  ice particle growth has not 

yet  been incorporated i n  the  program. 

Section 10.1 o u t l i n e s  the  fo rmula t ion  o f  the model. Numerical methods are very 

b r i e f l y  described i n  Section 10.2. F i n a l l y  Section 10.3 discusses some add i t iona l  

features, and some l i m i t a t i o n s  o f  the  model i n  i t s  present form. 

10.1 TWO-DIMENSIONAL MODEL FORMULATION 

This  model i s  based on the same equations (described i n  Sect ion 5) as were used 

f o r  the previous models. The d i f f e rence  i s  t h a t  the two-dimensional axisymmetric 

forms o f  the grad ien t  and divergence operators a re  used. 
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Two of  the s i m p l i f y i n g  assumptions used i n  the Phase I SDL model a re  again used 

here. The f i r s t  s i m p l i f i c a t i o n  i s  the  neg lec t  o f  the  l a s t  term i n  the f u l l  heat 

conduction equat ion (5 .2.19) ,  fo r  the  same reasons as given i n  Section 7. The 

second s i m p l i f i c a t i o n  i s  t ha t  motions o f  aerosol p a r t i c l e s  and water d rop le ts  

are not  permitted. Incorporat ion o f  aeroso l /d rop le t  motions i n  a manner analogous 

t o  the  Phase I 1  SDL model would invo lve  a subs tan t i a l  add i t i ona l  programming 

e f f o r t  ( t he  problem i s  more complicated i n  two dimensions than i n  one) and would 

a l s o  increase bo th  the  computer memory requirements and the program execution 

t ime .  Droplet  motions could be added a t  a l a t e r  t ime i f  desired. P r o h i b i t i o n  

o f  d rop le t  motions r e s t r i c t s  the model t o  s imu la t i on  o f  zero-g experiments. 

A f u r t h e r  s i m p l i f i c a t i o n  i s  t ha t  the temperature dependences o f  the  thermal 

conduc t i v i t y  o f  a i r  and the c o e f f i c i e n t  o f  d i f f u s i o n  o f  water vapor i n  a i r  are 

neglected. This r e s u l t s  i n  a considerable s i m p l i f i c a t i o n  o f  the program and, 

again, a reduc t ion  i n  computer memory and t i m e  requirements. This  simp1 i f i c a t i o n  

could a l so  be removed a t  a l a t e r  date i f  desired. 

The user has c o n t r o l  over the dimensions o f  the  reg ion t o  be modeled: the chamber 

p l a t e  separation, and the inner and ou te r  rad ius  o f  the reg ion t o  be modeled. 

He a l s o  has c o n t r o l  over the s p a t i a l  r e s o l u t i o n  i n  both coordinates, by s e t t i n g  

the number of  g r i d  po in ts  i n  each d i r e c t i o n  (NSPACE and MSPACE f o r  the  Z and X- 

coordinates, respec t ive ly ) .  The model al lows NSPACE and MSPACE to  be as large 

as 21 and 41, respec t ive ly .  Thus there can be as many as 21x41=861 g r i d  po in ts  

i n  t h e  m o d e l .  

In  the  Z-d i rec t ion ,  the boundaries a re  the  chamber p la tes .  

water vapor pressure a t  each p l a t e  can vary w i t h  time, bu t  i n  the  model as' naw 

set  up they do no t  vary w i t h  X. Thus a t  each i n s t a n t  i n  t ime the temperature 

i s  everywhere constant on each p la te .  

The temperature and 

The boundary cond i t i on  a t  the ou te r  r a d i a l  boundary (M=MSPACE) i s  t h a t  r a d i a l  

gradients a r e  zero, so t ha t  there i s  no f l ux  o f  mass or energy across t h i s  

boundary. 

The model a l lows the user t o  se t  MMIN, 

M, t o  a va lue  g rea te r  than 1. When MM 

New page 

the  lower l i m i t  o f  

N i s  g rea te r  than 

0- 2 

t he  r a d i a l  

, the mode 

space index 

i nse r t s  a 



June 27, 1980 
8 

solid cylinder of radius (MMIN-1)DX (where DX is the radial grid spacing) 

concentric with the chamber axis, to simulate a thermal probe experiment. The 

surface temperature of this solid cylinder i s  independently controlled by the 
subroutine TPROBE. The user can insert any desired code in subroutine TPROBE 
to control the probe temperature at each grid point in the vertical (Z)  

direction as a function of time. The code provided in the model is just one 

example of how this might be done. 

If MMIN=l, there is no thermal probe, subroutine TPROBE is not called, and the 
chamber is assumed to be completely filled with gas. The boundary condition 

at M=l (X=O) is that all radial gradients are zero. In the model as it now 

stands, since horizontal gradients vanish at both radial boundaries and at 
the chamber plates, there is no variation in any variables in the X-direction. 
The model thus reduces, in effect, to a one-dimensional model. However, this 
will no longer be true when a growing ice particle is inserted at X=O. 

The model simulates the following type of experiment. Initially, both chamber 
plates are at temperature TZERO. The gas inside the chamber is at temperature 
and vapor equil ibrium with the plates and is at pressure PZERO. The chamber 
is held at constant volume (i.e., the intake and outlet valves are closed) 
throughout the experiment. For an initial period of TMRAMP seconds, the top 
and bottom plate temperatures TWl and TW2 change at rates DTWl and DTW2 deg/sec, 
respectively. Thereafter, both plate temperatures are held constant. A1 1 
subsequent changes in t h e  properties o f  the gas and cloud droplets i n  the chamber 

are due to the growth of droplets in the supersaturation field and to the effects 
of the changing temperature of the thermal probe. 

10.2 NUMER I CAL HETHODS 

The model is formulated in Lagrangian coordinates, as was the case for previous 
SDL models. The region to be modeled is initially subdivided into volume elements 
centered on the.grid points, which are equidistant from one another in each of 
the X and Z directions (although the grid spacings in the X and 2 directions 
can differ from one another). In each time step, the boundary surfaces between 
the Volume elements move with the mean molar velocity of the gas, so that there 
is no net flux of matter across any boundary (except at the chamber plates, 
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which are f i x e d  i n  space and thus a re  not t r u e  Lagrangian surfaces). 

t o t a l  number o f  moles o f  matter ( a i r  p lus  water vapor p lus l i q u i d  water) i n  each 

volume element i s  exac t ly  constant dur ing each t ime step. As described i n  Section 

7, t h i s  approach e l im ina tes  the  mean molar gas v e l o c i t y  f r o m  the equations, and 

t h e  remaining equations are l i n e a r .  As i n  the previous models, t h i s  approach 

a l s o  requi res a subsequent numerical operat ion t o  res to re  the boundaries t o  

t h e i r  o r i g i n a l  pos i t i ons  a f t e r  each t ime step. This  opera t ion  i s  c a r r i e d  ou t  

by s h u f f l i n g  matter and energy between c e l l s  so as t o  conserve the  t o t a l  energy 

and the  t o t a l  mass o f  each substance i n  the chamber. 

Thus the 

The model f i r s t  computes the growth o f  cloud d rop le ts  and the resu l tan t  changes 

i n  the  concentrat ion o f  l i q u i d  and vapor i n  each c e l l .  The d i f f u s i o n  o f  a i r  

and water vapor between c e l l s  i s  then computed, fo l lowed by the s o l u t i o n  o f  the  

temperature (heat conduction) equation. The major problem encountered i n  the 

development o f  t h i s  model was the  se lec t i on  and .implementation o f  a lgor i thms 

to  so lve  the d i f f u s i o n  and temperature equations i n  t w o  dimensions. This 

problem i s  more c r i t i c a l  i n  two-dimensional than i n  one-dimensional models 

because (a) the added dimension increases the complexity o f  hhe d i f f e rence  

equations a t  each g r i d  po in t ,  and (b) the number o f  g r i d  po in ts  i s  increased 

by a t  leas t  an order  o f  magnitude. The method chosen here i s  the "a l te rna t ing-  

d i r e c t i o n - i m p l i c i t "  (ADI) algor i thm. As i t s  name ind icates,  t h i s  a lgo r i t hm 

a l t e r n a t e s  back and f o r t h  between two sets  o f  d i f f e r e n c e  equations i n  successive 

t ime steps. I n  one step, i t  t r e a t s  the X-component o f  the Laplacian operator 

i n  the  d i f f us ion  o r  heat t r a n s f e r  equation i m p l i c i t l y  and the Z-component 

e x p l i c i t l y ;  i n  the  next s tep i t  reverses the r o l e s  o f  the two coordinates. I n  

an e x p l i c i t  d i f fe rence equation, the  second d e r i v a t i v e  i n  the Laplacian i s  

determined from a f i n i t e - d i f f e r e n c e  operator i n v o l v i n g  the values o f  the  

dependent-variable a t  the beginning o f  t he  t ime step, which a re  known. I n  an 

imp l ic i t  equation, the values o f  the  va r iab le  a t  the  end o f  t he  time step, which 

a r e  the  unknown values we are  s o l v i n g  fo r ,  a re  used. Since the  f i n i t e - d i f f e r e n c e  

f o r m  o f  the  second d e r i v a t i v e  requi res the  values o f  the  va r iab le  a t  the  g r i d  

po int  and i t s  nearest neighbors on each side, each i m p l i c i t  equation contains 

th ree  unknowns. For many two-dimensional problems, the  AD1 a lgo r i t hm i s  the  

most e f f i c i e n t  computational method i n  terms o f  bo th  computer t ime and memory. 
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It i s  uncondi t ional ly  s tab le ,  so t h a t  any s i z e  t ime step can be used. ( I t  i s  

s t i l l  t r ue  tha t  the accuracy o f  the  s o l u t i o n  improves as the time step decreases.) 

The main disadvantage i s  t h a t  separate codes must be w r i t t e n  f o r  each "direct ion", 

which doubles the p r o b a b i l i t y  o f  programming e r r o r s  and the  t ime spent debugging 

the  program. The equations corresponding t o  each g r i d  p o i n t  must be re-ordered 

fo r  the two d i rec t ions ;  the  i m p l i c i t - X  a lgo r i t hm solves them one row a t  a t i m e ,  

w h i l e  the i m p l i c i t - Z  a lgo r i t hm solves them one column a t  a t i m e .  

The d i f f u s i o n  equation, whose f i n i t e - d i f f e r e n c e  form i s  der ived exac t l y  as i n  

Section 7,..equations 7.2 through 7.6, g ives r i s e  t o  a se t  o f  simultaneous l i n e a r  

algebraic equations whose c o e f f i c i e n t  ma t r i x  i s  t r i d iagona l .  So lu t ion  o f  such 

an equation se t  i s  very rap id,  even f o r  t he  la rge  equation se t  generated by a 

two-dimensional model. The temperature equat ion f o r  constant-volume chamber 

operat ion i s  considerably more complicated, because the temperature change a t  

each g r i d  po in t  depends on the  change a t  every o the r  g r i d  po in t ,  as shown by 

equations 7.7 and 7.9. I n  o t h e r  words, t he  c o e f f i c i e n t s  a re  non-zero i n  every 

term f o r  every g r i d  po in t ,  g i v i n g  a se t  o f  hundreds o f  equations i n  hundreds 

o f  unknowns. So lu t ion  o f  such an equation set  i s  out  o f  the  quest ion fo r  even 

the  largest, f as tes t  computers. Fortunately,  a t ransformat ion o f  va r iab le  was 

found which g rea t l y  s i m p l i f i e s  t h i s  system. 

where N i s  the number o f  moles o f  gas ( a i r  p lus water vapor) i n  each volume 

element and T i s  the temperature, and then sub t rac t i ng  one such equation from 

a l l  the others, g ives an equation se t  whose c o e f f i c i e n t  m a t r i x  i s  zero everywhere 

except on the t r i d iagona l  elements and i n  one row and three columns. This se t  

i s  somewhat more complicated t o  solve than a t r i d iagona l  system, bu t  immensely 

simpler and more economical than s o l v i n g  a f u l l  n x n system where n can be as 

1 arge as 861. 

Def in ing  a new va r iab le  0 = NT, 

I n  the  model, the  ,AD1 a lgo r i t hm i s  solved i n  both d i r e c t i o n s  be fore  car ry ing  

out the s h u f f l i n g  operat ion t o  res to re  the  o r i g i n a l  volume elements. I n  a 

two-dimensional'model, there  i s  no unique'way to  do t h i s  s h u f f l i n g  w i thout  

e x p l i c i t l y  so l v ing  an equat ion o f  motion for  the gas i n  the chamber. Because 

the  s h i f t s  i n  the pos i t i ons  o f  t he  boundaries between c e l l s  a r e  always q u i t e  

small, i t  was f e i t  t ha t  the added e f f o r t  requ i red  to  so lve an equat ion o f  motion 

i n  two dimensions was not  j u s t i f i e d .  It was thus decided t o  f i r s t  res to re  the 
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v e r t i c a l  c e l l  boundaries, by s h u f f l i n g  mat te r  and energy h o r i z o n t a l l y  between 

c e l l s ,  and subsequently to  ca r ry  ou t  the corresponding operat ions i n  the  

perpendicular d i r e c t i o n .  This  s o l u t i o n  i s  not unique; revers ing  the order of 

these two steps would g i ve  s l i g h t l y  d i f f e r e n t  resu l ts .  The di f ferences, however, 

are second-order q u a n t i t i e s  in  the c e l l  boundary displacements and are  thus very 

small when the displacements themselves a r e  small. 

10.3 OTHER COMMENTS 

The user of t h i s  model w i l l  soon n o t i c e  fou r  s i g n i f i c a n t  features; (1)  i t s  use 

w i l l  requi re  more d i r e c t  p a r t i c i p a t i o n  on h i s  pa r t ;  (2) i t  requi res a l o t  o f  

computer memory; (3 )  i t  uses up a l o t  o f  computer t ime ;  and (4) i t  produces a 

l o t  o f  numerical output.  

The f i r s t  feature i s  i n  many ways a r e s u l t  o f  the l a s t  three, but  not  e n t i r e l y .  

Previous ACPL models were designed t o  s imulate a r e l a t i v e l y  we l l -de f ined se t  

o f  experiments. The two-dimensional SDL model, on the o t h e r  hand, i s  designed 

t o  make i t  possible t o  simulate new experiment concepts, such as the  thermal 

probe concept, for which the experiment parameters are f a r  less  we l l  defined. 

Thus a t  the  very minimum, the  user w i l l  have t o  experiment w i t h  the code i n  

subroutine TPROBE to  see what experimental parameters, i f  any, w i l l  g ive  the  

desired c lass o f  r e s u l t s .  A t  t he  same time, the model was designed so t h a t  

eventual ly an i c e  c r y s t a l  growing between the chamber could be simulated, 

wi thout  having t o  develop an e n t i r e l y  new model from the ground up.  I t  is by 

no means c lea r  t h a t  an "accurate" model o f  i c e  c r y s t a l  growth can be devised 

without some i t e r a t i v e  i n te rac t i ons  between laboratory  r e s u l t s  and model 

formulations. 

The program i n  i t s  present form requi res between 40K and 5OK words o f  computer 

memory; the exact number w i l l  vary f r o m  one computer t o  another. Th is  number 

could e a s i l y  have been much la rger ;  a number o f  steps were taken t o  keep the  

memory requirements down. For instance, a blank COMMON b lock  was used so t h a t  

several var iab les,  needed a t  d i f f e r e n t  times i n  d i f f e r e n t  subroutines, could 

share the same memory loca t ions .  

s imp l i f y i ng  assumptions which had, as a t  l eas t  one resu l t ,  the  e f f e c t  o f  

reducing memory requirements. However, there i s  one f u r t h e r  l i m i t a t i o n  i n  the  

The preceding sections have noted several 
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model that  has a l a rge r  e f f e c t :  a maximum o f  10 nuc le i / d rop le t  classes i s  

ava i lab le  t o  charac ter ize  the condensation nucleus spectrum. A l l  previous models 

allowed up t o  100 nuc le i  s i ze  classes t o  g ive a h igh - reso lu t i on  c r i t i c a l  

supersaturation spectrum. This means t h a t  100 memory l oca t i ons  had t o  be reserved 

f o r  each g r i d  p o i n  

dimensional model, 

d rop le t  populat ion 

f o r  the two-dimens 

var iab le  arrays i n  

i n  these models. Had t h i s  a l s o  been done i n  the two-  

i t  would have requi red 86,100 words i n  memory f o r  the  nuc le i /  

alone. I f  the  user des i res higher r e s o l u t i o n  than 10 classes 

onal model, he can increase the f i r s t  dimension of  a l l  the 

COMMON b lock  ARAYPD. 

The computer-time requirements a re  re la ted  to  the comments i n  the preceding 

paragraph. 

number o f  d rop le t  classes increase, and as the t ime pe r  s tep decreases. 

Unfortunately, the  "accuracy" o f  s imu la t ion  decreases as steps are taken i n  

any one o f  these areas t o  reduce program execution time. For each type o f  

experiment s imulat ion,  i t  would be des i rab le  for the user t o  t r y  d i f f e r e n t  

values o f  the g r i d  spacing and the  t i m e  step, t o  f i n d  h i s  own optimum t rade-o f f  

between accuracy and execution t ime.  (By th is  we mean t h a t  a h igh- reso lu t ion  

g r i d  and a small  t ime step should g i ve  a f a i r l y  accurate approximation t o  the 

so lu t i on  o f  the  d i f f e r e n t i a l  equations; i f  a somewhat coarser g r i d  and la rge r  

time step g ive  r e s u l t s  s u f f i c i e n t l y  close t o  t h i s  "accurate" so lu t ion ,  the 

user may f i n d  t h i s  an acceptable compromise.) 

Computation t ime goes up as the number o f  g r i d  po in ts  and the  

The problem o f  t h e  sheer volume o f  numerical output i s ,  i n  the  writer's opinion, 

the biggest problem o f  a l l .  For the  one-dimensional models, i t  was poss ib le  

t o  p r i n t  ou t  a s i n g l e  t a b l e  g i v i n g  the  values o f  temperature, supersaturation, 

l i q u i d  water content, etc., a t  each g r i d  p o i n t  a t  reasonable t ime in te rva l s .  

Only when d rop le t  s i z e  in fo rmat ion  f o r  polydisperse n u c l e i  d i s t r i b u t i o n s  was 

desired, was i t  necessary t o  go t o  a separate t a b l e  o f  ou tpu t  f o r  a s i n g l e  

var iab le.  For the two-dimensional model, on the  o the r  hand, a tab le  o f  up to  

21 columns and 41 rows i s  requi red t o  l i s t  the output f o r  a s i n g l e  v a r i a b l e  

such as temperature, and a p r i n t - o u t  o f  d rop le t  s i z e  in fo rmat ion  w i l l  take up 

so much space and present so many numbers as t o  be v i r t u a l l y  incomprehensible. 

I n  short,  the w r i t e r  f ee l s  t h a t  l i n e  p r i n t e r  output f r o m  t h i s  model i s  o f  l i t t l e  

use except t o  show i n  a very gross way how the r e s u l t s  change w i t h  time or 
va r ia t i ons  i n  i n p u t  parameters. 

New page 
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The on ly  reso lu t i on  t o  t h i s  problem i s  t o  use computer-generated graphics. 

Unfortunately, computer graphics programs are  genera l l y  not t ransportable from 

one computing system t o  another. Each user w i l l  thus probably f i n d  i t  necessary 

t o  add h i s  own graphics output rou t ines  to  t h i s  model. For d isp lay ing  two- 

dimensional data, the optimum graphics output format i s  t he  use o f  contour p l o t s  

or, perhaps a l i t t l e  less  s a t i s f a c t o r i l y ,  three-dimensional surfaces to  d isp lay  

the v a r i a t i o n  of each v a r i a b l e  vs both X and Z a t  each i n s t a n t  i n  t ime.  Routines 

to  generate e i t h e r  o f  these types of  graphic output a re  r e a d i l y  ava i l ab le  a t  

the computing f a c i l i t y  o f  the  National Center f o r  Atmospheric Research i n  

Boulder, CO, where t h i s  model was developed. However, they are  general ly not  

t ransportable t o  o ther  computing f a c i l i t i e s ,  and thus were no t  incorporated i n  

t h i s  model. 

The model i n  i t s  present f o r m  includes a tabu la r  output o f  several variables. 

I f  graphics a re  no t  ava i lab le ,  t he  user may f i n d  i t  usefu l  t o  add o ther  var iab les,  

or de le te  some o f  those already included, depending on the  needs of each 

p a r t i c u l a r  app l i ca t i on .  

New page 
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APPENDIX E - CFD FLUID DYNAMICS 

INTRODUCTION 

The f l u i d  dynamics o f  the continuous f low d i f f u s i o n  chamber have been examined 

using two-dimensional models as a f i r s t  approximation. The CFD chamber, 

shown i n  Figure E-1, cons is ts  o f  an e l l i p t i c a l  cy l i nde r  between two p a r a l l e l  

p lates.  The center  t h i r d  o f  t he  cy l i nde r  serves as an i n j e c t i o n  manifold fo r  

the aerosol laden flow. The f l o w  e x i s t s  the chamber through the three e x i t  

por ts  a t  the r i g h t  edge o f  F igure  E-1. The center e x i t  p o r t  i s  used t o  e x t r a c t  

the  aerosol laden f low wh i le  the ou ts ide  e x i t  por ts  are used t o  e x t r a c t  as 

much o f  the sheath f low as possible.  

Separate two-dimensional models have been developed t o  approximate the f low i n  

the  cent ra l  v e r t i c a l  plane (X=O) and the cent ra l  hor izon ta l  plane (Y=O). The 

models do not  a l l ow  f o r  the t r a n s f e r  o f  momentum from plane t o  plane and 

therefore they do not  g ive  a complete p i c t u r e  o f  the f l u i d  dynamics. 

dimensional ca l cu la t i on  i s  requi red t o  ob ta in  the  f l u i d  dynamics o f  the CFD. 

The f l u i d  models ignore the temperature d i f f e r e n t i a l  between the two f l a t  

p la tes  i n  the chamber and were designed a t  a t ime when on ly  one e x i t  p o r t  

was planned f o r  the CFD. 

A three- 

FORMULATION OF THE PROBLEM 

The geometry o f  the  model used t o  describe the v e r t i c a l  problem i s  shown i n  

Figure E-2 and t h a t  o f  the ho r i zon ta l  problem i s  shown i n  Figure E-3. I n  both 

models a uniform f low enters the  chamber w i t h  on l y  a Z component o f  v e l o c i t y  

a t  Z=O. 

(Po iseu i l l e  flow) i s  assumed t o  have developed. 

i s  checked t o  insure a P o i s e u i l l e  f low w i l l  develop i n  the e x i t  por t .  

A t  the  downstream end o f  the chamber, a parabol ic  v e l o c i t y  p r o f i l e  

The length o f  the e x i t  p o r t  

The fo l low ing  de r i va t i on  o f  the  re levant  f l u i d  equations are f o r  the v e r t i c a l  

plane (X=O) mqdel, but  they may e a s i l y  be transposed t o  the  hor izon ta l  p lane 

(Y=O) model. 

by the steady-state c o n t i n u i t y  equat ion 

The steady f l o w  o f  an incompressible viscous f l u i d  i s  described 

(E-1) 
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and the steady-state Navier-Stokes equations 

(E-2) 

(E-3) 

where V and W are the  Y and Z components o f  v e l o c i t y ,  P i s  the  pressure, p 

i s  the f l u i d  densi ty,  and v i s  the k inematic v i s i o s i t y .  By in t roduc ing  a 

stream funct ion $ def ined 

and e l im ina t i ng  the pressure term i n  Equations (E-2) and (E-3) ,  a f o u r t h  order 

equation i s  obtained 

a2 a2 
+ +  $ 

L i Y i . 2 )  ( - + - ) $  a2 a2 = v ( -  
( % az az ay ay2 az2 ay2 az 

The v o r t i c i t y  6 i s  def ined as the  c u r l  o f  the ve loc i t y .  i n  t h i s  

non-zero component o f  6 l i e s  along the X-axis (Y-axis i n  the ho t  

and i s  designated n. 

(E-4) 

case the on 

zonta l  mode 

(E-5) 

Subs t i tu t ion  o f  Equation (E-5) i n  Equation (E-4) y i e l d s  the  v o r t i c i t y  t ranspor t  

equa t i on 

(E-6) 
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A t  a l l  points o the r  than the i n l e t  t o  the p a r a l l e l  p la tes  (Z=O) and the th roa t  

i n l e t  ( ve r t i ca l  model on ly )  the  v o r t i c i t y  may be ca lcu la ted  from Equation (E-5).  

The i n l e t  v o r t i c i t y  may be ca lcu la ted  by expanding the stream func t ion  i n  a 

Taylor ser ies about the  i n l e t  p o i n t  (Z=a). 

(E-7) 

By using Equation (E-5) t o  evaluate the  higher order  p a r t i a l  d e r i v a t i v e  i n  

Equation (E-7), the  v o r t i c i t y  a t  the  i n l e t s  may be w r i t t e n  i n  a form which 

al lows f o r  the upstream d i f f u s i o n  o f  v o r t i c i t y .  

Because Equation (E-4) i s  an e l l i p t i c  equation, boundary condi t ions must be 

speci f ied on a l l  boundaries. The boundary condi t ions o f  each model w i l l  be 

discussed i n d i v i d u a l l y .  Using F igure E-2 the  v e r t i c a l  model describes the 

f low past an e l l i p t i c a l  i n j e c t i o n  mani fo ld  located between two p a r a l l e l  

p lates.  The i n j e c t i o n  o f  an aerosol laden f l u i d  and the e f f e c t s  of  the e x i t  

port  a re  included i n  the  ca lcu la t ion .  The i n l e t  f l ow  (Z-0) i s  assumed t o  be 

uniform. 

t o  zero) i s  employed a t  every s o l i d  surface. The aerosol laden f low o r ig ina tes  

a t  the throat  i n l e t  as a un i form f l o w  w i t h  f low r a t e  t o  be spec i f i ed  indepen- 

dent ly  o f  the main f l o w  rate.  The length o f  the  e x i t  p o r t  i s  chosen t o  insure 

tha t  a parabol ic v e l o c i t y  p r o f i l e  i s  present a t  the downstream boundary o f  the 

e x i t  port. The c a l c u l a t i o n  takes advantage o f  the  na tu ra l  symmetry o f  the CFD 

about the plane Y=O by on ly  consider ing the  upper h a l f  p lane i n  Figure E-2. 

The center l ine  boundary requi res a zero Y-component o f  v e l o c i t y  and == 0 on 

the center l ine  Y = 0. 

A no -s l i p  boundary cond i t i on  ( f l u i d  v e l o c i t y  a t  the  surface i s  equal 

aw 
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The ho r i zon ta l  p lane problem a l s o  uses uni form f l ow  and P o i s e u i l l e  f low as the 

upstream and downstream boundary condi t ions,  respec t ive ly .  However, the i n l e t  

i s  taken downstream o f  the i n j e c t i o n  manifold. A n o - s l i p  boundary cond i t ion  

i s  employed a t  Z=CLEN (see Figure E-3) on the wa l l  which c o n s t r i c t s  the f low 

i n t o  the e x i t  por t .  Using symnetry the ca l cu la t i on  o n l y  needs t o  consider the  

upper h a l f  p lane i n  Figure E-3. 

U=O and - = 0 where U i s  the  X-component o f  the f l u i d  ve loc i t y .  

s l i p  o r  a un i fo rm f low boundary cond i t ion  may be used on the boundary a t  

X=CWID/2. 

f low boundary cond i t i on  (U=O, W=<W>, where <W> i s  the  average Z-component of 

ve loc i t y  f o r  any XCCLEN) simulates a f l ow  w i t h  moving boundaries as i n  the case 

The cen te r l i ne  (X=O) boundary cond i t ion  i s  
aw 
a x  E i the r  a no- 

A n o - s l i p  boundary cond i t i on  impl ies a s o l i d  surface wh i l e  a uni form 

o f  three e x i t  por ts .  The e x i t  p o r t  wa l l  i s  

necess i ta t ing  a n o - s l i p  boundary cond i t i on  

METHOD OF SOLUTION 

An i t e r a t i v e  method was used t o  ob ta in  a so 

considered a s o l i d  boundary 

n a l l  cases. 

u t i o n  o f  the  f i n i t e  d i f f e rence  forms 

o f  Equations (E-5) and (E-6). The der iva t ives  a t  a l l  i n t e r i o r  po in ts  were 

expressed i n  center -d i f fe rence form using nearest-neighbor po in ts  on a rectan- 

gu lar  gr id .  A nested g r i d  was used downstream o f  the i n j e c t i o n  mani fo ld  i n  

the v e r t i c a l  model. The dimensions o f  the e l l i p t i c a l  c y l i n d e r  were chosen t o  

insure t h a t  t h e  locus o f  po in ts  forming the e l l i p s e  co inc ided w i t h  the rectan- 

gu lar  gr id .  Equations (E-5) and (E-6) were i t e r a t e d  separately us ing a Gauss- 

Seidel i t e r a t i o n .  The over re laxa t ion  technique was on ly  appl ied t o  the stream 

funct ion i t e r a t i o n .  A complete i t e r a t i o n  consisted o f  an i t e r a t i o n  of the 

v o r t i c i t y  us ing  Equation (E-8) a t  the i n l e t  and Equation (E-6) a t  every o ther  

g r i d  po in t  fo l lowed by an i t e r a t i o n  o f  the stream f u n c t i o n  using Equation (E-5) 
a t  every i n t e r i o r  po in t .  

i t e r a t i n g  the  values o f  the stream funct ions on the boundaries. 

The boundary condi t ions were maintained by not  

The value of the  re laxa t i on  c o e f f i c i e n t  (RELAX) has to be determined by t r i a l  

and e r r o r  and usua l l y  i s  i n  the  i n t e r v a l  from 1.00 t o  1.40. Convergence i s  

achieved when the  maximum change i n  the  stream func t i on  a t  any g r i d  p o i n t  was 

less than a s p e c i f i e d  value (CONCRT) usua l l y  1.0 X lom6. 
converged, f i n a l  values o f  the  v e l o c i t y  components and the  v o r t i c i t y  were 

ca 1 cu la ted from center-d i f ference formulas. 

Once the c a l c u l a t i o n  

Supersedes page E-4, o r i g i n a l  issue 
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RESULTS 

Streamlines are shown i n  Figures E - 4  and E-5 for a t y p i c a l  CFD geometry w i t h  

c a r r i e r  and aerosol laden f lows corresponding t o  Reynolds numbers of 14.3 and 

3.6 respec t ive ly .  

t o  observe any e f f e c t s  on the streamlines. 

i n  the upper corner of the CFD above the  e x i t  po r t .  

laminar throughout the length o f  the  CFD and does not  separate from the 

i n j e c t i o n  manifold. 

any p o i n t  downstream o f  the i n j e c t i o n  manifold. 

combined f l o w  can be seen as i t  approaches the  e x i t  por t .  This model ignores 

the t r a n s f e r  o f  momentum t o  the cen t ra l  v e r t i c a l  plane as the f l u i d  e x i t s  

the chamber. 

The s i ze  and shape o f  the i n j e c t i o n  mani fo ld  has been var ied 

A pocket o f  reverse f l ow  appears 

The c a r r i e r  f low remains 

The thickness o f  the aerosol  stream can be measured a t  

The convergence o f  the 

Streamlines obtained using the hor izon ta l  mode1 a r e  shown i n  Figure E-6. 
Figure E-6a i l l u s t r a t e s  the uni form f low boundary cond i t i on  wh i l e  Figure E-6b 

corresponds t o  the no -s l i p  boundary condi t ion.  

the momentum t r a n s f e r  t o  and from the plane of the  model i s  ignored. With 

the n o - s l i p  boundary condi t ion,  the  f l u i d  w i l l  develop the parabo l ic  v e l o c i t y  

p r o f  i l e  corresponding t o  a viscous incompressible f l o w  between two para1 le1  

plates.  As the  f low nears the e x i t  po r t ,  the f l u i d  along the cen te r l i ne  

slows down i n  the  no -s l i p  case only.  

f o r  dece le ra t ion  o f  the cen te r l i ne  f l u i d .  Using the  hor izon ta l  model, i t  

i s  poss ib le  t o  ca l cu la te  the  time spent i n  any sec t i on  o f  the chamber along 

any stream1 ine. 

As w i t h  the previous model, 

The uni form f l ow  case does no t  a l low 

Even though the  hor izon ta l  plane does not  inc lude the  e l l i p t i c a l  i n j e c t i o n  

manifold,  genera l i za t ions  about the behavior of the  aerosol laden f low i n  

the c e n t r a l  ho r i zon ta l  plane (Y=O) can be made. Use o f  the v e r t i c a l  model 

w i thout  a sheath f l o w  shows tha t  the aerosol laden f l ow  develops a parabo l ic  

shape as i t  spreads out  from the d i f f u s e r  t o  the  w a l l s  of the  chamber. 

S im i la r  behavior i n  the hor izon ta l  plane can be expected i n  the absence 

o f  a sheath fl.ow. I n  the  presence o f  a sheath f l o w ,  the aerosol laden f low 

w i l l  spread o u t  as i t  e x i t s  the mani fo ld  but  w i l l  be stopped by the sheath 

f l o w  r e t u r n i n g  t o  the cen t ra l  hor izon ta l  plane before i t  ( the aerosol laden 

f l o w )  reaches the  v i c i n i t y  o f  the wal l .  The ex ten t  of the spreading of the 
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aerosol  laden f l o w  can on ly  be determined w i t h  a f u l l  three-dimensional 

ana lys is  o f  the CFD i nc lud ing  f l ow  around the  e l l i p t i c a l  i n j e c t i o n  manifold 

as w e l l  as e x i t  f low. 

CONCLUSIONS 

Both v e r t i c a l  and hor izon ta l  plane models a re  operat ional  but  do not include 

momentun t r a n s f e r  t o  and from the plane o f  the  model. Therefore, the models 

g i v e  on ly  a f i r s t  approximation t o  the  CFD f l u i d  dynamics. 

Both models inc lude a t e s t  t o  see i f  the  e x i t  p o r t  i s  long enough f o r  a 

P o i s e u i l l e  f l ow  t o  form i n  the  e x i t  length.  If t h i s  cond i t i on  i s  not f u l f i l l e d ,  

the c a l c u l a t i o n  would diverge. To save computer resources, the ca l cu la t i on  i s  

terminated a f t e r  a suggested e x i t  length i s  ca lcu lated.  

The speed a t  which convergence i s  reached and t o  some ex ten t  whether o r  not 

convergence i s  poss ib le  depends on the value o f  the  re laxa t i on  coe f f i c i en t .  

Not much i s  known about the r e l a t i o s h i p  o the r  than t r i a l  and e r r o r  methods 

suggest a value o f  between 1.0 and 1.4 f o r  the  v e r t i c a l  plane model. If the 

r e l a x a t i o n  c o e f f i c i e n t  i s  greater  ( less)  than one the procedure i s  sa id  t o  

be overrelaxed (underrelaxed). When working w i t h  h igh v e l o c i t y  (>1.5 cm/sec) 

i t  i s  probably best t o  underrelax the ho r i zon ta l  ca lcu la t ions .  
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Figure E-1. Three E x i t  Port Chamber 

June 27, 1980 

Supersedes page E-7, o r ig ina l  issue 
E- 7 



June 27, 1980 

i- 

E- 8 
S u p e r s e d e s  page E-8, o r i g i n a l  i s s u e  



June 27, 1980 

T 

S 

New page E-9 



I 

New page E-10  

- ~- 

June 27, 1980 

0 
C 
x 
Q e 
L 

x 
I 
L1 

i? 
0 
Q 
c1 



I 

E-11 

__ 

June 27, 1980 

New page 



June 27,  1980 

UNIFORM 

New page 

4 

Figure E-6a. Uniform Flow Boundary Condition 
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APPENDIX F - CSk AEROSOL DISTRIBUTION 

The aerosol cha rac te r i za t i on  considered here i s  i n  terms o f  i t s  cumulative 

number d i s t r i b u t i o n  as a func t ion  o f  the  c r i t i c a l  supersaturat ion.  This 

d i s t r i b u t i o n  can be expressed as 

k N = CS 
where 

N = cumulative or t o t a l  number o f  aerosol  p a r t i c l e s  per CC 

C = a constant 

k = value o f  exponent k i n  the  d i s t r i b u t i o n  

S = c r i t i c a l  supersaturat ion 

Th is  expression generates a d i s c r e t e  d i s t r i b u t i o n  w i t , .  N t o t a l  par i c l e s  

p e r  CC, obeying the  CSk d i s t r i b u t i o n  between Smin and Smax, and w i t h  no 

p a r t i c l e s  w i t h  c r i t i c a l  supersaturat ions o u t s i d e  of  t h i s  range. 

values o f  k, 
For d i f f e r e n t  

N 

0.1 0.2 0.4 0.6 0.8 

Figure F-1 - Samples o f  CSk D i s t r i b u t i o n  
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the cumulation d i s t r i b u t i o n  func t i ons  N are  shown i n  F igure  F - 1 .  To use 

t h i s  d i s t r i b u t i o n  funct ion,  one needs the  f o l l o w i n g  i npu t  data: 

N = t o t a l  or  cumulative number o f  aerosol  p a r t i c l e s  per CC 
K = exponential value 

S = minimum c r i t i c a l  supersa tu ra t i on  

S = maximum c r i t i c a l  supersa tura t ion  

m i  n 

max 

With the given data, one can compute the  f o l l o w i n g  parameters: 

N 

'min k l  c =  - 
[':ax 

k 
No = c *  'mi n 

N 
AN = NO. o f  Classes 

and 

N Z ( 1 )  = AN 

where I = 1, 2,  3, --------- No. o f  aeroso l  classes. 

The c a p a b i l i t y  f o r  computing the  CSk Aerosol D i s t r i b u t i o n  was implemented 

as an input  processing for the  ACPL Simula tor  System. 
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OF A CFD WITH A SINGLE EXIT PORT 

INTRODUCTION 

The method o f  so lu t i on  i s  based on the resu l t s  o f  B r i l e y  (1) f o r  p r e d i c t i n g  

flows i n  rectangular ducts. Since the CFD narrows i n t o  an e x i t  por t ,  B r i l e y ' s  

method must be ex tens ive ly  modif ied.  B r i l e y  ( 1 )  used the  approximate Navier- 

Stokes equations, having discarded the streamwise convection terms. In the  

present ca lcu la t ion ,  the streamwise term i s  important i n  the region o f  the  

e x i t  p o r t  and must be retained. An i n v i s c i d  pressure approximation i s  used 

t o  ca lcu la te  the a x i a l  v e l o c i t y  and a viscous pressure o r  pressure f l u c t u a t i o n  

i s  used to balance the c o n t i n u i t y  equation. 

FORMULATION OF THE PROBLEM 

The geometry o f  the problem i s  shown i n  Figure 1. The CFD i s  approximated by 

a rectangular duct which terminates i n t o  a smal ler  rectangular e x i t  duct. The 

aspect r a t i o s  o f  the two ducts need not  be the same. 

orthogonal g r i d  system i s  used over the combined chamber and e x i t  por t .  The 

g r i d  spacing i s  determined by the  s i t e  o f  the chamber and the number of g r i d  

points.  The s i z e  o f  the e x i t  duct must then be adjusted t o  f i t  the g r id .  The 

o r i g i n  o f  the coordinate system i s  chosen on the  a x i s . o f  the  chamber and the  

X- and Y- axes normal t o  the s ides o f  the chamber. 

A three-dimensional 

The governing equations are the  Navier-Stokes and c o n t i n u i t y  equations w r i t t e n  

i n  Cartesian coordinates w i t h  the  primary f low i n  the Z-d i rec t ion  and secondary 

f low i n  the XY-plane. The Navier-Stokes equations can be w r i t t e n  as 

aw aw aw i a  a2w a2w a2w 'ax + v- ay 
+ "az = - - -(P + p) + V ( 7  + ay2 + a22) 

ax P az 
av av av 1 aP a2y a2y a2v 
ax ay P ?Y ax 

a2u a2u a2u 1 ap + V(- + - 
ax ay P ax ax2 ay2 az2 

G +  v-+ "az= - -- + V ( T +  ay2+ 

-1 & - + v - + - = - - -  au au au 

- 
where U, V ,  and W are the X, Y, and Z components o f  the  v e l o c i t y ,  q, P i s  the  

i n v i s c i d  pressure, p i s  a viscous pressure cor rec t ion ,  v the  k inematic v i s c o s i t y ,  

and p i s  the density. The c o n t i n u i t y  equation i s  used as a f o u r t h  equation. 
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(4) 

As there are 5 var iab les  i n  Equations (1)  t o  (4), U, V, W, P, and p, a f i f t h  

equation, 

f $w dxdy = - f i l  

P’  
(5) 

duct 
cros s-sec t ion  

where h i s  the mass f low rate,  a constant determined by the  i n i t i a l  condi t ion,  

w i l l  be used t o  complete the se t  o f  5 equations i n  5 var iab les.  

B r i l ey  ( 1 )  has ignored the streanwise d i f f u s i o n  o f  a l l  th ree  v e l o c i t y  components 

by dropping a l l  second order de r i va t i ves  w i t h  respect t o  Z. 

pressure P i s  assumed known from a p o t e n t i a l  f low s o l u t i o n  and the  components 

o f  i t s  g rad ien t  a re  t rea ted  as source terms. In the case o f  a s t r a i g h t  duct, 

the p o t e n t i a l  f l ow  w i t h  constant a x i a l  v e l o c i t y  and pressure i s  used, P i s  

constant and there fore ,  i t s  gradient  i s  zero. As suggested by Patankar and 

Spalding (2), the  viscous pressure c o r r e c t i o n  p, i n  the pr imary f low equation 

(l), i s  t rea ted  separate ly  from t h a t  i n  the secondary f l o w  equations (2) and 

(3) .  I n  equat ion (l), the term i s  redef ined t o  mean a viscous pressure 

drop which i s  a func t i on  o f  Z on ly  and i s  computed as p a r t  o f  the  so lu t i on  

using equation (5). I n  the secondary f low 

equations, p i s  requi red t o  vary i n  the  XY-plane i n  such a way as t o  insure 

tha t  the c o n t i n u i t y  equation (4) i s  s a t i s f i e d  a t  every po in t .  

The i n v i s c i d  

Thus, - aP i s  replaced by dPm(Z). 
dZ az 

METHOD OF SOLUTION 

The method used t o  so lve the set  o f  equations w i l l  be descr ibed i n  t h i s  sect ion.  

A l l  o f  the equations are expressed i n  f i n i t e - d i f f e r e n c e  form. In general terms, 

the method i s  as fo l lows f o r  each XY-plane. 
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W i s  computed from the Z-component o f  the Navier-Stokes equation, equation 

(1) w i t h  p, determined i m p l i c i t l y  t o  insure t h a t  t h e  a x i a l  mass f low 

equat ion (5) i s  s a t i s f i e d .  

U and V are approximated by U '  and V , pred ic t ions  computed from the 

transverse momentum equations. 

computed t o  s a t i s f y  the c o n t i n u i t y  equation (4). 

P P 
Small correct ions,  Uc and Vc, are then 

p i s  computed from a Poisson equation f o r  pressure, computed from the 

transverse Navier-Stokes equations which are evaluated using the corrected 

values for  U and V. 

The Z component o f  the v e l o c i t y  i s  computed by i t e r a t i n g  the Z component o f  the 

Navier-Stokes equat ion using a Jacoby i t e r a t i o n  and the  pressure pm using a 

secant i t e r a t i o n .  

d i f f e r e n c i n g  technique 

The pressure drop term was expanded us ing an upstream 

where L i s  t h e  index on the 2-gr id  beginning a t  the o r i g i n .  

Since p,(L) i s  i n i t i a l l y  unknown, the cor rec t  value i s  obtained i m p l i c i t l y  

using the standard secant i t e r a t i o n  technique. The bas ic  procedure can be 

sumned up as 

I) assume a value f o r  p,(~), 

2) so lve equat ion (1) f o r  the a x i a l  f low f i e l d  us ing a Jacoby i t e r a t i o n ,  and 

3)  compute t h e  mass flow. 

A n o - s l i p  boundary condi t ion was used f o r  values o f  W on the wal ls  o f  the 

chamber and ex i  t por t .  

The transverse v e l o c i t i e s  are decomposed using the f o l l o w i n g  re la t ions .  

u = u - +  uc 
V = V  + v c  

P 

P 
where U and V a re  p red ic t ions  o f  U and V obtained from the  transverse 

momentum equat ions and U and V are correct ions to  U and V o f  f i r s t  order i n  

AZ.  

P P 
C C P P 

The v e l o c i t y  p red ic t ions  are obtained from a Gauss-Seidel i t e r a t i o n  o f  
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the  transverse Navier-Stokes equations. The boundary condi t ions requ i re  U and 

V t o  be zero a t  the  wal ls .  
P 

P 

The cor rec t ions  are o f  order  AZ and may be obta ined from the r e s u l t  o f  

s u b s t i t u t i n g  equations (6) and (7) i n  equat ion (9). 

aw au au av av 
+ (-E+>) = - -  (z?+K) ay ay az 

au av 
ax ay 
- + - =  

Next, i t  i s  assumed t h a t  t he  correct ions are  i r r o t a t i o n a l ,  and may be described 

by a v e l o c i t y  p o t e n t i a l  Q such tha t  

A Poisson equat ion f o r  the v e l o c i t y  p o t e n t i a l  i s  obtained. by s u b s t i t u t i n g  

equations (3) and (10) i n  equat ion (8). 

av a j  
ay az 

a2 +-)(p- a2 A+>+- 
ax2 ay2 

(- 

Since the  values o f  U 

de r i va t i ves  are used on the  wal ls .  The boundary cond i t i on  requires the normal 

d e r i v a t i v e  o f  + t o  vanish. are known by d e f i n i t i o n  

and U and V a re  computed from equations (6) and (7). In  general the no-s l ip  

boundary condi t ions on Uc and V 

the  v e l o c i t y  co r rec t i on  can be spec i f ied  on the wa l ls .  

i s  s a t i s f i e d  t o  f i r s t  order i n  A2 s ince U and V a re  f i r s t  order correct ions t o  

U and V which do s a t i s f y  the no-s l ip  boundary cond i t ion .  

, and W do not e x i s t  a t  po in ts  outs ide the wa l l ,  one-sided 
P' "P 

Once + i s  known, Uc and V 
C 

are not s a t i s f i e d ,  s ince only  one component o f  

The no -s l i p  cond i t ion  ' 

C 

C C 

P P 

Once U and V have been computed, values o f  the  v iscous pressure co r rec t i on  may 

be calculated. Di f ferenced forms o f  the  t ransverse Navier-Stokes equations 

a r e  evaluated using the  newly computed values o f  U and V. 
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A Foisson equation for p i s  obtained by d i f f e r e n t i a t i o n  o f  equa t ions ’ ( l 2 )  and 

(13) 
aT1 aT2 (7 a2 + -1 a2 p = -(r + r) 

ax ay2 

Equation (14) has the  same form as equat ion (11)  and was a l s o  solved using a 

Gauss-Seidel i t e r a t i v e  technique. The q u a n t i t i e s  T and T can be evaluated 1 2 
everywhere except on the  wa l ls  and therefore,  equation (14) i s  solved i n  the  

reg ion bounded by the rows of g r i d  po in ts ,  and the value o f  the pressure f l u c t u a t i o n  

on the  wa l l  i s  found from the boundary cond i t i on  a t  the computational boundary. 

ITERAT ION PROCEDURE 

The procedure developed by B r i l e y  marched down the  duct i n  the  Z-d i rec t ion  

Once, c a l c u l a t i n g  the complete set  o f  va r iab les  U, V, W, P, and p f o r  each XY- 

plane. The d i f ference formulas have been manipulated such tha t  values a t  the 

(L+ l ) s t  leve l  o f  the  Z index are ca lcu la ted  us ing the L th  l eve l  values. Such 

a procedure, known as upstream o r  backwards d i f f e r e n c i n g  al lows the e n t i r e  

f l o w  f i e l d  t o  be ca lcu la ted  w i t h  one pass o f  the  duct. 

Such a procedure must be modif ied i n  the  core o f  the CFD model developed i n  

the  previous sec t i on  due t o  the importance o f  streamwise d i f f u s i o n  near the 

e x i t  por t .  The method used f o r  the  CFD model employed center-d i f ference 

formulas and an i t e r a t i o n  on the  Z -d i rec t i on  as w e l l  as i t e r a t i o n s  i n  the  

XY-plane. 

2) P, 3 )  U and V 4) 9, and 5) p. The same c r i t e r i a  was used f o r  W, the  

Z-component of  ve loc i t y ,  and U and V the  p red ic t i ons  o f  the  t ransverse P P’ 
v e l o c i t i e s .  S i m i l a r l y  both pressure var iab les ,  P and p, a re  compared t o  

the  same pressure tolerance. A separate c r i t e r i o n  was used t o  check the  

convergence o f  t h e  v e l o c i t y  po ten t i a l .  

F ive  separate convergence c r i t e r i a  must be suppl ied f o r  1) W, 

P P’ 
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Since the main area o f  i n te res t  i s  the  e x i t  region, the  computation t ime may 

be decreased by assuming a semi-developed f low a t  the f i r s t  g r i d  po int .  

i s  achieved a t  the  beginning o f  each la rge  i t e r a t i o n  by s e t t i n g  the Z-component 

o f  ve loc i t y  a t  every po in t  i n  the  f i r s t  s i x  (6) XY planes equal t o  the value 

a t  the corresponding po in t  o f  the 7th plane. 

This 

F ina l  convergence i s  monitored by observing the pressure P a t  the downstream 

end o f  the  e x i t  por t .  

i t e r a t i o n s  was less than TOLPI, the  i t e r a t i o n  was sa id  t o  have converged. 

When the  r e l a t i v e  pressure change between successive 

0 1) Br i ley ,  W. R., J. Comp. Phys. - 14 8 (1974) 
2) Patankar, S. V. and Spalding, D. B. In te rna t ,  J. Heat 

Mass Transfer - 15 1787 (1972) 
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